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INTRODUCTION 
For B, a p-block of a finite group H with defect subgroup D, M. Broui: 
and L. Puig define a product x * 9 for x any central function on H in B and 
r] among certain central functions on D (see [2]). In [3], we show how 
this product behaves with respect o extensions G of a p-group by H. One 
of our results (Theorem 3 in [3]) states that, when B is nilpotent and 
G-stable, as far as rationality is concerned, the situation is the same as in 
the case of p-groups. In this note we go a bit further and show how the 
problems of G-stability and extendability of characters obtained by the * 
construction reduce to the (easier) level of defect subgroups. The infor- 
mation we obtain covers all the ordinary characters (irreducible or not) 
when B is nilpotent. This paper is a sequel of [3] and uses most of its 
results. 
We work with B, a p-block of H, H Cl G, we assume (G: H) is a power 
of p and B is G-stable. In Section 1, we explain how to choose a G-stable 
extendable irreducible character of height zero in B. In Section 2 we state 
our results; proofs are in Section 3. 
NOTATIONS 
As in [3], we take K to be the extension of Q, generated by the IGJth 
roots of 1. We denote by Irr,(G), or Irr(G) when there is no ambiguity on 
p, the set of characters of irreducible KG-modules. We freely use the 
notations and notions of local block theory as introduced in [l]: blocks, 
Brauer pairs (or subpairs), relative trace map, Brauer morphism. If b is a 
p-block of G, we denote by Irr(G, 6) the set of irreducible characters in b 
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and by Irr,(G, 6) the set of irreducible characters of G in b with height zero 
(see [2] ). If C is a defect group of b in G and (C, b,) a maximal Brauer 
pair in G containing (1, b), if x is a character of G and r~ is a (G, b,)-stable 
character of C (see [3, 1.61 or [2, 1 I), one constructs x * q relatively to 
(C, bC) defined by 
P’(X * ‘l)=‘l(u)eeX if (u, e) E (C, bc), 
=o if Vg’sG(u,e)“#(C, b,) 
(see [3, 1.51 for notation and details). 
In certain cases, to avoid ambiguity, we denote by 1 *(C,bc) r] the * 
construction relative to (C, b,). 
Remark 1. If o E Aut(G), then it is clear from the above definition of 
the * construction that (x *(c, bc.) r])” = x0 *(L: hc.)r 7”. 
Through the remainder of the paper, we take B a p-block of H such that 
B is G-stable. Then (see [3, Sect. 2]), B is a p-block of G, and, if C is a 
defect group of B in G, one has H. C = G and D := C n H is a defect group 
of B in H by a well known theorem of Fong (see [4, Sect. V, 3.141). 
1. RESTRICTING CHARACTERS OF HEIGHT ZERO 
The following proposition is very useful for the sequel. It puts together 
some standard facts. 
PROPOSITION 2. If G is a finite group, p is a prime, H a normal subgroup 
with index a power of p, B a G-stable p-block of H, then 
t/x E Irr,( G, B) Res,&) E Irr,(H, B)‘. 
Proof of the proposition. In fact we just have to check Res,(X) E Irr(H), 
since it is then clear that Res,(X) is in B, is also G-stable, and is of height 
zero since (G: C), = (H: D)P. Let us prove Res,(X) is irreducible by induc- 
tion on (G: H). If G = H, this is clear, so let us suppose (G: H) =p. Let c be 
an irreducible component of Res,(X). Then i is in B, so Section V, 3.15 of 
[4] applies: [ is G-stable. But then, by Section III, 2.14 of [4], 
4’ = Res,(X’) for some x’ E Irr(G) and Indg l= C ax’ for E ranging over the 
linear characters of G having H in their kernels. By Frobenius reciprocity, x 
is involved in IndG, [, so 2 = EX’ for some E, which implies that 
Res,(X) = Res,(&) = [ is irreducible. 
Let us now assume (G: H) >p. Then there exists G D H’ D H with 
(G: H’) =p, Then B is a block of H’ with defect group Cn H’; one has 
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Res&) E Irr,(H’, B) thanks to the above case, so Res&) E Irr(H, B) by 
induction. This completes the proof. 
2. G-STABILITY AND G-EXTENDABILITY IN 
THE CASE OF A NILPOTENT BLOCK 
We now fix some notation. Let x0 E Irr,(G, B), then, by Proposition 1, 
Res,(X,) E Irr,(H, B)“, we denote by co this restriction. 
Let D be a defect group of B in H and (D, b,) an associated maximal 
Brauer pair of H containing (1, B). Then, by [3, Proposition 21, 
(0 TrFg~Do,‘hn, (b,)) is a Brauer pair of G containing (1, B), and, as in 
[3, Sect. 33, one can include it in some Brauer pair (C, h,) of G with C a 
defect group of B in G. Then C n H = D and HC = G as was said above. 
In order to study G-stability of the i,‘, *(D,h,,, q, we need the following: 
LEMMA 3. In the aboue construction, one may choose (C, b,) such that 
V/x E C (D, 6,)” = (D, b,). 
Proof Let us first take (C, bc) and (D, b,), as above. Then, since 
D = Cn H a C (D Tr~~~,‘hD,(bD)) . IS normal in (C, 6,) (see [ 1, 3.6]), and 
T@$&,(b,) ii C-fixed. Let L := C. Co(D) and b’ := Tr~~~,ibDj(bD). Then 
(D, b’) Q (C, b,) in L, since L contains D, C and their centralizers in G. 
Moreover, 6’ is the sum of elements of {b-i; x E C,(D)], this set is C-stable, 
hence it equals {b;; x E L}, so 6’ = Tr$L(,D,(b,). We also have 
by the standard Mackey formula for relative trace (see [l, (2.1)(2)]). There 
exists tE L such that C’c C,(b,) because otherwise Br$(b’) =0 (see 
[l, 2.5)]), a contradiction with (D, b’) a (C, b,) in L. 
Then we let (C’, b,.) be (C, b,.)‘; it is a maximal Brauer pair in G con- 
taining (D Tr$$~JhD,(b,)), and one has D = C’ n H 4 C’ for the standard 
reasons and Vg E C’(D, b,)R = (D, b,) as claimed. 
We are now ready to state our theorems. 
THEOREM 1. Let G be a finite group with a normal subgroup H of index 
a power of a prime p, let B be a G-stable p-block of H, let to E Irr(H, B)G be 
chosen as above, let (D, b,) be a maximal Brauer pair of H containing 
(1, B), and let (C, 6,) be a maximal Brauer pair in G containing 
(D, TrCGcD) ,-c(D, bo,(bo)) such that Cc N,(D, b,). Let w be an (H, b.)-stable cen- 
tral function on D, then i, *(p, ho, o is G-stable tf and only tf w is C-stable. 
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THEOREM 2. If, moreover, B is nilpotent and w is a C-stable character of 
D, then o is‘ (H, b,)-stable and co * o is a G-stable character of H. It is 
extendable to G (as a character) if and only if o is extendable to C. 
Remark. Let us suppose B is a nilpotent block, then the irreducible 
characters of H in B are the co * o’s for o~Irr(D) (see [2, 1.2(2)]). 
Theorem 2 shows that the problem of extendability for irreducible charac- 
ters of H in B reduces to the same problem for irreducible characters of D 
relatively to the inclusion D c C. It is the same for ramification problems 
(see [ 5, Sect. 6, 1 1 ), since they are equivalent to extendability of the sum of 
G-conjugates of irreducible characters of H, and Theorem 2 applies. 
3. PROOFS 
We now give the proofs of the theorems. 
Proof of Theorem 1. Since co * o E ZF( H, B) by definition and since 
G = H. C, it is clear that co * o is G-stable if and only if it is C-stable. But, 
if x E C, (co * o)-~ = co * wli since (D, b,) is C-fixed and co is G-stable. So, it 
is clear that co * w is G-stable when w is C-stable. The converse is an easy 
consequence of the following lemma: 
LEMMA. If r] E ZF(D) is (H, b,)-stable, then lo * q = 0 implies q = 0. 
Proof of the lemma. Let u ED and let us check q(u) = 0. Let 
(u, e) E (D, b,), then, since co is an irreducible character of height zero, 
d”,‘<,,#O (see [l, 2.11). But q(u) dU.e[O=d”,‘([, * q)=O by the definition 
of the * construction and the hypothesis of the lemma, so n(u) = 0. 
Proof of Theorem 2. First, w is (H, b,)-stable by [2, 1.2(2)], and co * o 
is G-stable by Theorem 1. 
Any character of G in B is under the form x0 * u, with 
Res& * q) = co * Res,(q) (see [3, Theorem l]), and &, * Res,(q) = 
co * o if and only if w = Res,(q), so the last part of the theorem is clear. 
Remark. If B if B is nilpotent and o is irreducible in Theorem 1, one 
can prove Theorem 1 without the assumption that C stabilizes b,. 
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